THE INTEGRALS IN GRADSHTEYN AND RYZHIK. 
PART 9: COMBINATIONS OF LOGARITHMS, RATIONAL AND 
TRIGONOMETRIC FUNCTIONS. 



TEWODROS AMDEBERHAN, VICTOR H. MOLL, JASON ROSENBERG, 
ARMIN STRAUB, AND PAT WHITWORTH 



Abstract. The table of Gradshteyn and Ryzhik contains many integrals with 
integrands of the form Ri{x) {In R^^x))"^ , where Ri and R2 are rational func- 
tions. In this paper we describe some examples where the logarithm appears 
to a single power, that is m = 1, and the poles of Ri are either real or purely 
imaginary. 



1. Introduction 
The table of integrals [3] contains many examples of the form 

(1.1) / Ri{x) (lni?2(a;))" dx, 

J a 

where Ri and R2 are rational functions, a, b & and m G N. For example, 
4.231.1 states that 

(1.2) r'lnxdx^_7^ 

This result can be established by the elementary methods described here. 
Other examples, such as 4.233.1 

and 4.261.8 

(14) f\n^xl^dx^'-^^^^^±^^ 
^ ' Jo 1 - x6 486 

require more sophisticated special functions. Here ip is the digamma function de- 
fined by 

(1-5) ^(x) = 

and ^(s) is the classical Riemann zeta function. These results will be described in 
a future publication. 
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The integrals discussed here can also be framed in the context of trigonometric 
functions. For example, the change of variables x = tant yields the identity 

(1.6) / j= / \nta.ntdt = -G. 

Jo 1 + ^ Jo 

Here G is the Catalan's constant defined by 

(-1)'= 



(1.7) G:=Y^ 



..1 (2fc + l)- 

In this paper we concentrate on integrals of the type p.l|) where the logarithm 
appears to the first power and the poles of the rational function are either real of 
purely imaginary. The method of partial fractions and scaling of the independent 
variable, show that such integrals are linear combinations of 

Xiitdt 

(1.8) Vi(6):^/ 
and 

hitdt 

(1.9) (TTT^- 

The function /i„^i was evaluated in where is was denoted simply by h. We 
complete this evaluation in SectionlH by identifying a polynomial defined in [3] . The 
closed- form of /i„^i involves the Stirling numbers of the first kind. The evaluation 
of /in, 2 is discussed in Section [B] The value of hn.2 involves the tangent integral 

„ , , I tan^^ t 

(1.10) Ti2(x) 



t 

The case of integrals with more complicated pole structure will be described in 
a future publication. 

2. Some elementary examples 
We begin our discussion with an elementary example. Entry 4.291.1 states that 

To establish this value we consider first a useful series. The result is expressed in 
terms of the Riemann zeta function 

oo 
k=l 

Lemma 2.1. Let s > 1. Then 
and 

°° 1 9* — 1 
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Proof. The second sum is 

fc=l ^ fe=l ^ ' 

To evaluate the first sum, split it into even and odd values of the index k: 

^^■^^ E = E -j2ky " E (2fc _ 1)^ 

— X — X — X 

and use the value of the first sum. □ 
To evaluate (j2.ip we employ the expansion 



(2.7) ln(l + x)=^ 

k=l 

and integrate term by term we obtain 

Jo X fc 
The result now follows from the lemma and the classical value C(2) — 7r^/6 



A similar calculation yields 4.291.2: 

1 ln(l-a;) 



(2.9) / ^^d.^-- 
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The change of variables x — e * produces the evaluation of 4.223.1 

(2.10) ln(l + e-*)dt=- 
and 4.223.2: 

/■OO 2 

(2.11) / ln(l - e-*)dt = - — 



3. More elementary examples 

In [4j we analyze the case in which the rational function Ri has a single multiple 
pole and i?2(x) = x. There are simple examples where the evaluation can be 
obtained directly. For instance, formula 4.231.1 states that 

InX , TT^ 

(3.1) / dx 



1 + a; 12 

This can be established by simply expading the term 1/(1 + a;) as a geometric series 
and integrate term by term. The same is true for 4.231.2 



The evaluation of 4.231.3 

r 

l-x 



(3.3) l^^^^dx 
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and 4.231.4 



(3.4) / J Inxdx 1 - y, 



^ 1 + x 



(3.5) / dx = -l 



follow directly from l3.2l Similar elementary algebraic manipulations produce 4.231.19 

a; In a; vr^ 

ax = —1 -\ , 

_ 1+x 2 ' 

and 4.231.20 

3.6 / ^——^ dx = l-—. 

Jo l + x 6 

The same is true for 4.231.14 
(3.7) ['^dx= 



1 + x2 48 ' 



and 4.231.15 



^ X In 



X 



via the change of variables t = x'^. 
The evaluation of 4.231.13: 

\nx dx TT^ 

is a direct consequence of the partial fraction decomposition 
and the identites (13.11) and (13.21). 



It is often the case that a simple change of variables reduces an integral to one 
that has previously been evaluated. For example, the change of variables t — 1 — x^ 
produces 

ln(l-x2) , 1 \ntdt 
(3.11) / ^— '-dx^- I 



2 7o 1-i 

The right-hand side is given in p.2p and we obtain the value of 4.295.11: 

ln(l - a;2) , 

(3.12) / — ^ '-dx- 







X 12 

4. A SINGLE MULTIPLE POLE 



The situation for a single multiple pole is more delicate. The pole pole may be 
placed at a; = —1 by scaling. The main result established in |4j| is: 



Theorem 4.1. Let ti>2 and 6 > 0. Define 
(4.1) /i„,i(6) = 

and introduce the function 



^ Intdt 



(1 + 0" 

(4.2) g„(6) = (l + 6)"-iVi(5). 



OO I. 



fc=l 
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Then 

(4.3) g„(6) =X„(6)ln6 + y„(6)ln(l + &) + Z„(6), 
where 

(4.4) X,,{b) = ^ \ , y„(6) = -^— 

Finally, the function 

(4.5) T„(6) ^TT^^ 

satisfies T2{b) — and for n > 1 it satisfies the recurrence 

(4.6) T„+2(6) = n{l + b)T,,+i{b) + {n - 1)1 (^^ll^L^ 

ft follows that Tn(b) is a polynomial in b of degree n — 3 with positive integ 
coefRcients. 

Note 4.2. The case n = 1 is expressed in terms of the polylogarithm function 

OO 

(4.7) PolyLog[n, z] ^ 
Indeed, we have 

(4.8) / --^(ix = ln61n(l + fe)+PolyLog[2,-5]. 
Jo 1 + 2; 

We now identify the polynomial T„. The first few are given by 

(4.9) n{b) - 1, 

r4(6) = 3& + 4, 
r5(6) = 116^ + 27&+18, 
T6(6) = + 176&2 + 2166 + 96. 

For n > 2, define 

(4.10) A„ib) = ^-1^T„(6). 
Then (|4.6p becomes 

fl + 6)" - 1 

(4.11) A„+2(6) = (l + 6)A„+i(6) + ^^-^ , 

bn 

with initial condition ^2(6) = 0. 
The polynomial A„ is written as 

n — 3 

(4.12) A„(6) = ;^a„,,6^' 
The recursion (|4.1ip produces 
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Lemma 4.3. Let n > 4. Then the coefficients a„j satisfy 
(4.13) a-afl = an-1,0 + 1, 

(fi 3) ! 

a„j = fln-ij + a«-i,i-i + . . , . 5 T7, for 1 < j < n - 4, 

U + l)!(n-3-j)! 

1 

(^n,n— 3 — ^^n— l.n— 4 



n 



The 6xpressions 0-71,0 — ^ — ^ s-nd o-n/n— 3 

= Hn~2, the harmonic number, are easy 
to determine from (j4.13p . We now find closed- form expressions for the remaining 
coefficients. These involve the Stirling numbers of the first kind s{n,j) defined by 
the expansion 

n 

(4.14) (x)„ = ^s(n,J)x^ 

where (x)„ :— x{x + l)(a:: + 2) • • • (a; + n — 1) is the Pochhammer symbol (also called 
rising factorial). The numbers s(n, 1) are given by 

(4.15) s{n,l)^{-ir-\n-l)\, 
and the sequence s{n,j) satisfies the recurrence 

(4.16) s{n + l,j) = s{n,j - 1) - ns{n,j). 
Theorem 4.4. The coefficients a„j- are given by 

Proof. Define 

(4.18) 6„,, := (-l)^a„,, x (j + ^ 

The recurrence (|4.13p shows that 6„ j is independent of n and satisfies 

(4.19) 6„,,+i = -j6„,, + (-l)^+ij! 

and this is (|4.16p in the special case j = 2. Formula (|4.17p has been established. □ 

We now restate the value of /i„,i. The index n is increased by 1 and the identity 
|s(n, fc)| = (— l)"+'^'s(n, k) is used in order to make the formula look cleaner. 

Corollary 4.5. Assume & > and n e K. Then 



n - 2^ 



The special case 6=1 provides the evaluation 

^ Intdt ln2 1 'ir^ \ (n-\ 



ln2 1 v-^ 1 /?!- 1\, , , 



(1 + i)"+i n n2"-i ^ j! ^ j 
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Elementary changes of variables, starting with t — tan^ (p, convert (14.2011 into 

(4.21) / ln(l - s) ds = ^ ^ [71 ln(l - a) - 1] 

Ja 

n-l 



3 

The special case = 1/2 produces 

1 '-i("Ti)|.0- + 1,2)1 (2"_i) 



Ji/2 riz 



(nln2 + 1), 



and a = gives 



(4.22) / s"-Mn(l-s)ds = - — 

5. Denominators with complex roots 

In this section we consider the simplest example of the type (jl.ip . where the 
rational function Ri{x) has a complex (non-real) pole. This is 

G ■■= - [ /^^2 
The constant G is called Catalan's constant and is given by 

Entry 4.231.12 of [3| states 

'■^ Inx 
/o 1 + 

To verify (|5.2p simply expand the integrand to produce 
'■^ In a; da; 



(5.2) / dx^-G. 



1 + 2:2 



k=o 

I._n "'0 



a;'^'' In x dx 



fc=0 

\k poo 



The integral is evaluated by integration by parts or recognizing its value as r(2) — 1. 

Integration by parts gives the alternative form 

(5.3) r^^^^d^^G, 

Jo X 

that appears as 4.531.1. 
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There are many definite integrals in [3] that are related to Catalan's constant. 
For example, the change of variables t — 1/x yields from ()5.2p . the value 

\ntdt 



(5.4) 



= G. 



1 + 

This is the second part of 4.231.12. Adding these two expressions for G, we conclude 
that 

Inxdx 



(5.5) 



1 + 



0. 



The change of variables x ^ at in (|5.2p yields 4.231.11: 

° In dx TT In a G 



We now introduce material that will provide a genaralization of (|5.5p to the case 
of a multiple pole at i. The integral is expressed in terms of the polygamma function 

r{x) 



(5.7) 



r(a) 



Lemma 5.1. Let a, 6 G K. Then 

Intdt r(i)7/;(l)-r(b-l)V>(6-l) 



(5.8) 
Proof. Define 
(5.9) 
Then 
(5.10) 

In particular, 
(5.11) 



(1 + ^^)" 



da 



fia.b) 







da 



2r(6) 

°° fdt 
[l + t^f 

°^ Int 

(TTtY 

\iitdt 



dt. 



The change of variables s = t^ gives 



(5.12) 



a=a Jo {l + t^f 

1 /-oo ^(a^l)/2 



2 Jo (1 + s)" 



Now use the integral representation 

(5.13) B{u,v) - , , 

(given in 8.380.3 in and proved in |^) with u ~ {a+ l)/2 and v — b— {a+ l)/2 
to obtain 

(5.14) f{a,b)^B 

Therefore 
(5.15) 



a + 1 , a + 1 
-^ib — 



r((fl + i)/2)r(6- (q + i)/2) 

m 



Intdt 



(1 + ^^)" 



da 



f{a,b) 



2r(6) 



(r'((a + l)/2)-r'(6-(a + l)/2)) 



a=0 
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Now use the relation r'(a;) — ip{x)T{x) to obtain the result. □ 
The case & = n e N requieres the value 

and 

" 1 

(5.17) + 5) = -7 + 2 ln2 - 2 ^ ^^—j = -7 - 2 ln2 + 2H2n - Hn, 

k=l 

that appears in 8.366.3. Here is the n-th harmonic number. The reader will 
find a proof of this evaluation in [2], page 212. A proof of ()5.16p appears as Exercise 
10.1.3 on page 190 of [2]. 

Corollary 5.2. Let n e N. Then 

Inxdx TT /2ri\ 1 

' Jo (1 + .x2)«+i " "22^ hi 2^^' 



We now provide a proof of Entry 4.231.7 in 
\nxdx T{n - ^)\/7r 



/ inxdx _ L[n-^)y/Tr / f a_\ _ _ _i\ 
(a2+52a;2)"~4(n-l)!a2»-i6V V26J ^ '^^'^ 2^; ■ 

Taking the factor out of the parenthesis on the left and letting c — a/h yields 
the equivalent form 

/■°° \nxdx r(n — i)A/7r / /c\ , -..x 

L WTx^^-\^{''<2)-''^^--^^)- 

It is more convenient to replace n by n + 1 to obtain 

X (c2 + .2)».i - J (21^2) -^-^("+^))- 
Using (|5.16p and (|5.17p the requested evaluation amounts to 



(5-19) / 7:^^:2WT = 79;wt( - ) I ^"^^^^ 



^ 2fc - 1 / 



In xdx -K f 2n 

lo (c2 + a;2)"+i " (2^ 

This can be written as 

To establish this, make the change of variables x = ct to obtain 

Inxdx Inc f°° dx 1 f°° Intdt 



(x2+c2)«+l c2»+l 7o (t2 + l)«+l ' c2"+l7o {t^ + 1)"^+^ ' 

Using Wallis' formula 

dt TT / 2n^ 



(5.21) 



(1 + t2)«+l 22"+l 



the required evaluation now follows from Corollarv l5.2l 
The special case n yields 4.231.8: 

, Inxdx TT , /a\ 
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This evaluation also appears as 4.231.9 in the form 

\npxdx TT 

^'■''^ Jo 7T^ = ^^"^'^- 

6. The case of a single purely imaginary pole 
In this section we evaluate the integral 

f'' Int dt 

(6.1) KA-M---j^ + a^)»+i ' 

for a, 6 > and n e N. This is the generalization of (|4.ip to the case in which the 
integrand has a multiple pole at t = ia. The change of variables t = ax yields 

(6.2) V2(a,&) = a"'""'5n(V«), 
where 

(6-3) ^"(^^^=70 (^^ + 1)"+^ - 

We produce first a recurrence for the companion integral 

Lemma 6.1. Let n e N and x > 0. Then 

(6.5) 2nUx) = {2n - l)/„_i(x) + ^ 

and fo{x) = tan^^ x. 

Proof. Integrate by parts. □ 
The recurrence (j6.5p is now solved using the following result established in [T]. 

Lemma 6.2. Let n e N and define Xj = 2^^(^r') ^. Suppose the sequence Zn 
satisfy the recurrence 2nz„ — (2?! — l)z„_i = r„, with r„ given. Then 



(6.6) Zn ^ 

We conclude with an explicit expression for fn{x). 
Proposition 6.3. Let n e N. Then 

(6 7) r ^ ftan- . + V ^ 

^ ^ io (l + t^)"+i " 22" (^^^'^ ^ + Z.2j(^)(^2 + 1)^ 

Note 6.4. This expression for /„ appears as 2.148.4 of [3J in the alternative form 
dt _ X ^ (2n + l)!! {n-k)l 1 



^^■^^ i) (l+t2)"+i 2n+l ^ (27i-2fc+l)!! 2'=n! (l + a;2)"+i- 

k—1 

(2n-l)!! 1 
+ ^— — tan^^ 
2"n! 

We now produce a recurrence for the integral (x) . 
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Lemma 6.5. Let n eN. Then the integrals gn{x) satisfy 

(6.9) 2ngn{x) - {2n - l)5„_i(x) = 2nlna;/„(x) - [(2n - 1) Inx + 1] /„_i(x). 
Proof. Integration by parts yields 

r dt 

(6.10) g„(x) =/„(x)lnx- / fn{t)-. 

Jo 

From the recurrence (16.51) we obtain 



(6.11) 2n r Ut)^ ~ (2n - 1) T /„-i(t)^ - /„-i(x). 

Jo Jo 

Now replace the integral term from (|6.10p to obtain the result. □ 

In order to produce a closed- form expression for gn{x) using Lemma l6.2[ we need 
the initial condition 

, , 1"^ \ntdt 

(6.12) go{x) = 



l + i2- 

Lemma 6.6. The function gn{x) is given by 



^2fc+l / ^ 
Inx 



Proof. The binomial theorem gives 

(6.14) (i+tV"-^=f:("i)'^f"t^)* 



2fc + 1 



2k 



k=0 ^ 

The expression for g^ (x) now follows by integrating term by term and the evaluation 

/ 1 \ 2fe+l 

(6.15) J f'lntdt = hnx ^ 



2k + 1) 2fc + 1' 

□ 



In particular, the initial condition go{x) of the recurrence (|6.9p is given by 
(6.16) gQ{x) —hixiaDT^ X — L{x), 

where 

, . r, . ^ (-l)'=x2'=+i r tan-ii , 

The recurrence (I6.9P is now solved using (|6.2p to produce 
5«(2:) = 2-2»P"')5o(:^) 



/2n\ n 



j=l i J j 

Using the recurrence (|6.5[) . this can be written as 
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Solving the recurrence yields: 



Theorem 6.7. Let n E N. Define the rational function 



(6.19) 



Pi 



-)2k 



2\k 



Then the integral gn(x) is given by 



\^tdt 



I1n\ 



(l+i2)"+i 22" 



-A tan ia:+pfc_i(.T) 
go (a;) Inx - 2^ 



Note 6.8. The special case a; = 1 in (|6.7p produces 



(6.20) 

The values 
(6.21) 



h\tdt 



-2n 



(i^ + !)"+! 



2n 



k=l 



2k- 1 



1 " 



2^ 



do not admit a closed-form, but they do satisfy the three term recurrence 
(6.22) (2n + l)p„+i(l) - (3n + l)p„(l) + np„_i(l) = 0. 

The reader is invited to verify the expansion 



from which it follows that 

oo 

(6.24) 



2V^ sin"i(V^/2) 

' 



An alternative derivation. Integration by parts produces 

1 r/"^ tan-i X 



(6.25) 



" In s c?s 1 - 1 

r ^3 r = ^ hi a tan ^ , 

Vb Vb VbJo 



dx. 



Differentiating rt-times with respect to b and using 



1 _ (-1)^- (2j)! 



dbj ^ j!22J6J+i/2' \dbj a^ + b (a2 + 6)J+i ' 



1 



and 



/'2fe\ 



-1 _ = f-lVf, - iVa V ^ 

dbj Vb ^"Z^22fc+i6fc+i/2(a2 + 6)j-fc^ 



— tan 



we obtain 

In sds , -^ f o, \ /,\ 

—T, TT — TT = in a tan J^n{o) 

(■s2 + 6)»+i \VbJ ^ ' 



alna ^ Fn-kib) 



fc-i 



^K&) 



2 ^ A: ^(a2+6)fe-i 



F.n{b) 



rtan-ix, 1^ 



Fn-kib) 



J-1 



2 ^ fc 

fc=i 



(^2+^')'=-^" 
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with Fj{b) ~ 2^^-'fo^-'^^/^( j*). The last integral in this expression can be evaluated 
using Proposition l6 . 31 to produce a generalization of Theorem l6.7l We have replaced 
the parameter b by to produce a cleaner formula. 



Theorem 6.9. Let a, 6 £ M with a > and n e N. Introduce the notation 
Then 

Insds r ^j,M . -1/ /,\ , alna ^ F„_fc(6) ^ Fj{b) 



(a2+62)'^-i 



K(6) |'^^'^^rf^-itan-i(a/5) | £^ g (6) 



fc=l i=o 

7. Some trigonometric versions 

In this section we provide trigonometric versions of some of the evaluations 
provided in the previous sections. Many of these integrals correspond to special 
values of the Lobachevsky function defined by 

(7.1) L{x) := - /" Incostdi. 

Jo 

This appears as entry 8.260 in [3] and also as 4.224.4. The change of variables 
t = tt/2 — X provides a proof of 4.224.1: 

(7.2) ( \iismtdt = L{tt/2-x)- L{Tr/2). 
Jo 

The special value 

(7.3) L{tt/2)= In sin a; = --In 2, 

Jo 2 

appears as 4.224.3. The change of variables t — ^ — x yields 4.224.6: 

(7.4) J Incosxdx --ln2. 

To establish these evaluations, observe that, by symmetry, 

tt/2 pTT/2 p1T/2 

In sin X dx = / In sin x dx + / In cos x dx 



j ln(sin 2x) — — In 2. 
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Now let t = 2a; in the last integral to obtain the result. 

Combining (TrTj) and (fT^ we obtain 4.227.1 
(7.5) / Intanxrfa; = +i(7r/2- u) + -ln2. 

.In 2 



The identity (fL6| and the evaluation (|5T2|) yield the value of 4.227.2: 

.7r/4 

(7.6) / h\ia.ntdt = -G. 

Jo 

Now observe that 

r'^/'i r^/'^ 

(7.7) / hit&Yitdt— i Insintdi— / Incosi = — G 
Jo Jn Jo 

and 

i'Tr/2 r''^/^ 

(7.8) / \nsmtdt= / lnsint(ii+ / Incostdi = ln2. 
Jo Jo Jo 2 

Solving this system of equations yields 

dt = - ^ .... „ 
4 2 

that appears as 4.224.2 in ^ and 

(7.10) / \ncostdt = ln2 + — 

Jo 4 2 

that appears as 4.224.5. 

We now make use of the identity 

(7.11) cosx — sinx = \/2cos(a; + 7r/4) 
to obtain 

/ ln(cosa; — sinx) d.T h / lncos(a; + 7r/4) 

Jo 8 Jo 



7r/4 ^ Q 

(7.9) / Insintdt = --ln2 - — 



f7r/2 /■''■/4 

= — ln2+ / In cost (it — / Incostdt. 



TT 



The first integral is given in (|7.4|) as — -I In 2 and the second one as — In 2 
(fTTOl) . We conclude with the evaluation of 4.225.1 

2"' 

A similar analysis produces 4.225.2: 



(7.12) y ln(cosa; — sinx) c?x = — — ln2 

A similar analysis produces 4.225.2: 

r'^l^ TT G 

(7.13) / ln(cosa; + sinx) = — — ln2 + — -. 
Jo 8 2 

These evaluations can be used to produce 4.227.9: 

(7.14) / ln(l + tana;)da; = -ln2, 

Jo 8 
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and 4.227.11: 

(7.15) / ln(l-tana;)dx= -In2-G. 
Jo 8 

To prove these formulas, simply write 

(7.16) ln(l ± tanx) = ln(cos± sina;) — Incosi. 
The same type of calculations provide verification of 4.227.13 

(7.17) / ln(l + cota;)dx = -In2 + G 
Jo 8 

and 4.227.14 

(7.18) / ln(cotx - l)da; = -ln2. 

Jo 8 

The next example of this type is 4.227.15: 

I TT 

(7.19) / ln(tana; + cotx) da; = — ln2, 
Jo 2 

This is evaluated by writing the integral as 

(7.20) — / In(sinx) dec — / In(cosx) = — ln2, 

Jo Jo 2 

using dZSl) and (fTTUl) . 

The evaluation of 4.227.10 

(7.21) J ln(l + tan2:)da; ^In2 + G, 
follows from the integrals evaluated here. Indeed, 

pTr/2 pTT/2 pTr/2 

/ ln(l + tanx) da; = / ln(sinx + cosa;) (i.T — / ln(cos a;) da; 
Jo Jo Jo 

ir/i pTr/2 

ln(sin X + cos x) dx — / ln(cos a;) da; 
Jo 

G\ n 
ln2 + — + - ln2, 
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where we have used (|7.4I) and (|7.13p . 
The identity ((53)) yields 

(7.22) / Intanidt^O. 



The apparent generalization 

(7.23) / ln(atant)d< = -Ina, 

Jo 2 

with a > 0, appears as 4.227.3. 

The evaluations l|7.9p and (|7.10p can be brought back into rational form, 
change of variables t — tan^^ u produces from (|7.10p : 

7^ 1 „ G I ln(l + u2) 
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We have obtained a proof of 4.295.5: 

"1 ln(l + a;2) j, 

T — dx ^ — 

1 + 2 

The change of variables t — 1/x and (|5.4p yield 4.295.6 

l n(l+t^) 
1 + 12 2 



(7.25) / ; J ^ rf^-^ln2-G. 



(7.26) / ^^^^^^dt^^ln2 + G. 



There are many other intergrals that may be evaluated by the methods reported 
here. For instance, integration by parts yields 

(7.27) / t cottdt — X Insinx — / Insintdt. 
Jo Jo 

Using (|7.2p we obtain 

(7.28) [ t cottdt = X Insinx - L - +^ln2. 
Jq V 2 / 2 

In particular, from £(0) — 0, we obtain 3.747.7: 

7.29) / ==-ln2. 

^ ^ Jo tant 2 

The change of variables u ~ smx produces from here the evaluation of 4.521.1: 

Arcsin u , tt , 
(7.30) / dw = -ln2. 



- „ w 2 
Further evaluations will be reported in a future publication. 
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